We investigate the stability of massless topological black holes in AdS d when minimally coupled to a scalar field of negative mass-squared. In many cases such black holes are unstable to the formation of scalar hair even though the field is above the BF bound and the geometry is locally AdS. The instability depends on the choice of boundary conditions for the scalars: scalars with non-standard (Neumann) boundary conditions tend to be more unstable, though scalars with standard (Dirichlet) boundary conditions can be unstable as well. This leads to an apparent mismatch between boundary and bulk results in the Vasiliev/Vector-like matter duality.
Introduction
Black holes in anti-de Sitter space have been widely studied in the context of the AdS/CFT correspondence [1, 2] , where they are dual to finite temperature states. Their dynamical and thermodynamical stability properties therefore provide a novel window on the phase structure of the dual CFT. For example, in large N gauge/gravity dualities the HawkingPage phase transition in the bulk is dual to the confinement/deconfinement transition of the boundary theory [3] . Similarly, in holographic approaches to condensed matter physics the instability of a black hole to the condensation of scalar hair is dual to a superconducting phase transition [4] [5] .
This paper focuses on the instability of topological black holes in AdS d , which were originally constructed in [6] . These black holes are quotients of global Anti-de Sitter space by a discrete group. If the group is chosen appropriately, then the horizon M d−2 will be a smooth space of constant negative curvature. These black holes are the higher dimensional versions of the BTZ black hole in AdS 3 . The horizon M d−2 can be any hyperbolic manifold;
for example, in four space-time dimensions the horizon can be any smooth Riemann surface of genus g ≥ 2. We are primarily interested in the case where the horizon topology is compact. These solutions have been used to study behind-the-horizon physics in [7] and are important in the context of D-brane emission [8, 9, 10, 11, 12] . These black holes are dual to CFT states on the surface M d−2 at a particular value of the temperature related to the length scale of M d−2 . It is possible to find other solutions where the temperature can be varied independently [6] . These are the negative curvature analogues of the Schwarzschild solution with finite mass [6] . We will focus on the "massless" case, which is locally AdS, where the geometry is relatively simple and it is possible to make precise analytic statements. The stability of these black holes with respect to metric perturbations were studied in [13] (using the formalism of [14] ), where they were shown to be stable. Similar studies were performed in [15, 16, 17, 18, 19] , although the particular scalar instability that we will present here was not discussed. Our goal here is to generalize this analysis to consider other sorts of matter in the bulk. We will focus on scalar fields of negative mass-squared. In section 2 we will show that there is a range of values of m 2 where global AdS is stable, but the topological black hole is unstable. This is despite the fact that the topological black hole is locally AdS; the essential observation is that certain modes which are typically discarded as non-normalizable in global AdS become normalizable once we perform the quotient to obtain the topological black hole. The precise form of the instability will depend on which boundary conditions are chosen for the scalar field; these scalar fields are sufficiently light that two inequivalent quantization schemes can be chosen, corresponding to a choice of either standard (Dirichlet) or nonstandard (Neumann) boundary conditions at asymptotic infinity. For example, when d > 5 the standard boundary conditions will be unstable if the scalar is sufficiently close to the BF bound. Non-standard boundary conditions are even more unstable. For example, In d = 4, a scalar with mass −2 > m 2 ℓ 2 > −5/4 will lead to an instability if non-standard (Neumann) boundary conditions are imposed. The marginal case m 2 ℓ 2 = −2 is especially interesting, as it is a conformally coupled field in the bulk. We will study these marginal cases separately, and conclude that they do not lead to instabilities because the associated modes have infinite energy. These results have interesting implications for various boundary gauge theories on negatively curved spaces. Our primary interest is the conjectured duality between bulk higherspin Vasiliev gravity [20] and gauge theories with vector matter, such as the O(N) model, on the boundary [21, 22, 23] . This is the subject of section 3. It is here that our focus on locally AdS solutions is useful; although the Vasiliev equations of motion are difficult to solve in general, AdS space is always a solution. The equations of motion are local, so the massless topological black holes is also a solution of Vasiliev theory. Moreover, given the results above, the solutions appear to be stable in Vasiliev theory. This is in contrast with the O(N) model on a negatively curved compact surface. The O(N) scalars are conformally coupled so are effectively tachyonic, making the O(N) model on a Riemann surface unstable. This appears to contradict the proposed Vasiliev/O(N) model duality, and at the very least indicates that some ingredients are missing in our current understanding of the duality.
As an additional application of these results, in section 4 we consider the stability of various CFTs on compact negatively curved spaces. For example, our results indicate that the CFT dual to AdS 5 × T 1,1 will be unstable when the scalar has non-standard boundary conditions, corresponding to the addition of a particular double-trace operator in the CFT.
Instability of the AdS d Topological Black Hole
Topological black holes are solutions to Einstein's equation with a negative cosmological constant. In this section, we describe these black holes, solve the Klein-Gordon equation for a scalar field of arbitrary mass on this background, and look for modes that grow in time.
We then discuss marginal cases as well as normalizability of the modes.
The Topological Black Hole
Topological black holes are solutions to Einstein's equations with a negative cosmological constant:
These black holes have horizons M d−2 , which are Einstein Manifolds with negative curvature.
The metric is
with
where c a constant chosen so that µ has dimensions of inverse length. In fact, these black holes can have zero or negative mass. We will be interested here in the massless topological black hole that is locally AdS d . Setting µ = 0, rescaling t by a factor of ℓ and making the coordinate change r = ℓ cosh ρ, the metric becomes
If dH We will be interested in geometries where dH 2 is replaced by dΣ 2 , the constant negative curvature metric on a surface Σ = H d−2 /Γ. Here Γ is a freely acting subgroup of the isometry group SO(d − 2, 1) of H d−2 , so that Σ is smooth. The surface Σ can be taken to be either compact or non-compact and may have any genus g for g ≥ 2; we will focus on the compact case, and consider arbitrary genus.
Scalar Field
Let us now consider a minimally coupled scalar field φ which obeys the free wave equation
We wish to understand the stability of the quotient of AdS d described above. We will expand φ in modes on Σ as
where Y (σ) is an eigenfunction of the scalar Laplacian on Σ: ∇ 2 Σ Y = −λY . We will seek unstable solutions which grow in time, so that ω is real and positive. Fluctuating solutions would have ω imaginary while quasinormal modes would have ω complex. For certain values of the mass we will find solutions with ω = 0, indicating the presence of an additional logarithmic mode; in these cases the expansion in terms of exponentials e ωt fails and a more detailed analysis is required, which will be the subject of the following subsection.
We will follow the analysis of [13] . LettingR = (cosh ρ)
2 R the radial equation for R reduces to a hypergeometric equation with solutions
where z = tanh 2 ρ,
and
We are interested in solutions which are smooth in the interior, and in particular are smooth at the horizon (ρ = 0). At this point the hypergeometric functions in (7) become constant. Since we are assuming that ω is real and positive, this implies that we must set D = 0 in (7). If ω were purely imaginary, this branch of solutions would describe an infalling wave at the horizon.
We now investigate the behavior near the asymptotic boundary. To do so, we use properties of the hypergeometric functions to transform (7) and obtain
The second of these falls off more quickly at the asymptotic boundary than the first, giving us the two possible boundary conditions for a light scalar in AdS d . Let us first identify perturbations with standard (Dirichlet) boundary condition A = 0. Setting A = 0 requires that either c − a or c − b is a non-positive integer. That is,
for some non-negative integer n. Likewise perturbations obeying the non-standard (Neumann) boundary condition have B = 0, which requires a or b to be a positive integer. This
for a non-negative integer n. We will consider fields whose masses obey the BF bound [24, 25] ,
Let us now investigate the stability of the φ = 0 vacuum. We need to understand the spectrum of the Laplacian ∇ 
imaginary and the equations (14) and (15) both require ω to be imaginary. So the perturbations fluctuate periodically and the φ = 0 vacuum is stable. However, when Σ = H d−2 /Γ is a non-trivial quotient the spectrum of the Laplacian may change. In particular, normalizable modes with λ < (d − 3)
2 /4 may exist. We consider the extreme case where Σ is compact, in which case the constant mode with λ = 0 is normalizable. (14) and (15) can now be solved with ω real and positive, which leads to instabilities. Let us consider the constant mode on Σ with standard boundary conditions A = 0. The most unstable mode will have n = 0, and has frequency
Notice we chose the -sign in (14) as the + sign always leads to ω < 0. For d = 4, 5, we find no instabilities but when d > 5 the standard boundary conditions will be unstable if
Note that masses in this range are above the BF bound thus even though global AdS d is stable, with these boundary conditions, the massless topological black hole is not. Turning our attention to non-standard boundary conditions, we demand B = 0. These boundary conditions still define normalizable modes (with respect to the Klein-Gordon norm) provided we are in the window
the lower bound being again the usual BF bound. The most unstable mode with n = 0 will have frequency
When d ≥ 5, the topological black hole with non-standard boundary conditions will always be unstable provided that (18) is satisfied. When d = 4 the non-standard boundary condition is unstable when
Again, this means that for a large range of masses the non-standard quantization of a scalar field in the massless topological black hole background is unstable, even though global AdS d is stable.
The Marginal Case and Finite Energy
As we have seen, the bound m 2 ℓ 2 = −2(d − 3) appears both for the standard boundary condition (d ≥ 5) and for the non-standard boundary condition (d = 4, 5). We solve the wave equation in appendix A and find modes that grow linearly in time. However, an additional issue needs to be taken into account. So far we have demanded that the modes are normalizable with respect to the Klein-Gordon norm but we must also demand finiteness of the stress-tensor associated to the modes. It turns out all modes considered in the previous subsection have a finite energy. However, as we will now show, the linearly growing modes appearing in the marginal case have infinite energy. So far, we have only required the radial functions of the fieldR(ρ) to be regular at the horizon. However, requiring the energy of these perturbations to be finite imposes a stronger condition. As explained in [16] , the differential equation we are solving for the modes can be reduced to a Schrodinger-like equation by going to Kruskal coordinates, which are well behaved at the horizon. The differential equation is
with r = ℓ cosh ρ and f (r) = −1 + r 2 /ℓ 2 . We can now set R =Rr
The equation now becomes
and E the Schrodinger energy. We see that (23) is a Schrodinger equation, which may have bound states with E < 0. As we have seen in the previous subsection, the threshold value corresponding to ω = 0 is also interesting as it corresponds to linearly growing modes. We now turn our attention to the finiteness of the stress tensor associated to these perturbations. The energy of a given perturbation is
where T µν is the stress tensor of the perturbation, g d+1 is the metric on the hypersurface of a fixed time slice, n µ its normal vector and ξ µ the timelike killing vector with ξ 0 = 1. As explained in [16] , finiteness of the stress tensor implies normalizability of the wave function.
In other words, we must require that
Going back now to our ρ coordinate for which we have solved the differential equation we see that this corresponds to
We now recall from (7) that R ∼ tanh ρ ω ∼ sinh ω ρ near ρ = 0. As there clearly is no problem at infinity, the only potential problem for convergence of the integral is at the horizon. We see that as long as ω > 0, the integral will converge and the energy of the perturbation is finite. This requires that R → 0 at the horizon (as f has a simple pole) which is the case for all our non-marginal modes. However, the marginal case we have considered in the previous subsection describes modes that are constant at the horizon. This means the perturbations associated with these modes have infinite energy and should not be considered. As we will see in the next section, this presents us with a puzzle in the context of the Klebanov-Polyakov duality.
Instability of the O(N ) Model on a Riemann Surface

Free Theory
Probably the most interesting application of our results concern the Giombi-KlebanovPolyakov-Yin duality [21, 22, 23 ] relating Vasiliev's higher spin theory with non-standard (standard) boundary conditions to the free (critical) O(N) model. As we will see shortly, our results lead to an apparent mismatch between the bulk and boundary dynamics.
Let us begin by considering the free 2+1 dimensional O(N) model on a Riemann surface Σ, with action
This is unstable, as Σ has constant negative curvature R < 0. The spin-0 current J = TrΦ 2 will condense as the components of Φ run off to infinity. Note that this is an exponential instability; the vev of the field Φ increases exponentially in time.
We note that on a manifold with non-trivial topology the Chern-Simons field could have non-trivial holonomy around a non-contractible cycle. The choice of the holonomy changes the scalar kinetic term, and can in principle alter the zero-mode dynamics of the scalar [26] [27] [28] . Thus the scalar dynamics on its own, for fixed holonomy, could be stable. However, the holonomies themselves are dynamical, continuous degrees of freedom. Thus the energetics of the theory will push the holonomies towards zero, at which point the scalar field is unstable.
We can now investigate this instability from the bulk. The topological AdS black hole of the previous section is -being locally AdS -necessarily a solution of the Vasiliev equations of motion. This geometry should be the dual to the O(N) model at finite temperature. The operator J has dimension ∆ = 1 and corresponds to a bulk field φ of mass m 2 ℓ 2 = −2 with non-standard boundary conditions. However, according to the analysis of the previous section, we find no instability inside the bulk. The condition of finite energy ruled out the polynomial time dependence and thus we must conclude we find no instability at the linearized level. There are two possible resolutions to this apparent mismatch between the bulk and boundary dynamics. One possibility is that there are new non-local dynamics in the bulk that arise when the geometry has nontrivial topology that could cause an instability. Given that Chern-Simons theory on its own is dual to topological string theory [29] , it is natural to expect that the duals of Chern-Simons-Matter theories could contain topological degrees of freedom. The bulk theory may be sensitive to these degrees of freedom only once it is put on a manifold of non-trivial topology, in the same way that the holonomy degrees of freedom of a Chern-Simons theory become relevant on a manifold with non-contractible cycles. Our results would then indicate that these non-local degrees of freedom become active and unstable on the topological black hole.
It is also possible that other higher spin fields are unstable, even though the scalar is stable. However, given that the boundary instability is visible in the dynamics of J, this would not resolve this puzzle; presumably the scalar operator would be unstable through it's couplings with higher spin currents, but this would be visible only at the non-linear level.
Critical O(N ) and Free Fermion Models
We can also consider the critical O(N) model, which is dual to the same Vasiliev bulk theory, except that the scalar field is now given standard boundary conditions. From the above analysis we see that the scalar field is stable.
Note that this may not be a contradiction, as the instability of the critical O(N) model does not cause J = TrΦ 2 to run off to infinity. Instead J will condense at an order one value. In this case we would expect the instability to be invisible in the bulk. It would be good to work this out explicitly. In particular, our conjecture is that the topological black hole will acquire scalar hair, but that the scalar hair comes with factors of N which render it invisible in the classical bulk analysis. Likewise, the free fermion model is also stable, because the Dirac fermion is, by itself, conformally coupled without the need for additional terms that couple to curvature. This is consistent with the fact that, unlike the scalar case, a fermion mass term would violate parity invariance in three dimensions. We note that by level-rank duality, the critical fermion theory (i.e. the Gross-Neveu model) at λ ∼ O(1) is dual to the free boson at small λ [30, 31, 32, 33, 34] . Thus it seems likely that there is a critical value of λ at which the instability of the free boson theory disappears.
The instability of theories on hyperbolic spaces
Having discovered these instabilities, we wish to look for further examples among the known AdS/CFT dualities. We start by reviewing the spectrum of Kaluza-Klein fluctuations in AdS 5 × S 5 -which is stable -and then discuss an unstable example, AdS 5 × T 1,1 , where we can identify the unstable operators in the dual field theory.
AdS
From the analysis done in section 2, we can set d = 5 and see that standard boundary conditions will not lead to instabilities whereas non-standard boundary conditions will. The range of masses for unstable modes is
We are interested in the spectrum of Supergravity on AdS 5 × S 5 , given in [35] . We will not
give the expansions of all fields in harmonics on S 5 but the fields of interest are the metric perturbations and the 4-form perturbations. The fields have indices living both on the AdS space and the 5-sphere but we are interested in the components where all indices live on the 5-sphere (AdS scalars):
where we have transformed the symmetric traceless 4-tensor spherical harmonic into the scalar spherical one. One then solves the linearized equations and one finds a mixed system in b l and π
where denotes the scalar laplacian and the mass is taken to be the eigenvalue of x . One then finds the two following branches
The branch we are interested in is the first one, as the first mode will have m 2 ℓ 2 = −4 = m BF which is also the marginal case studied in section 2. The first exited mode will have m 2 ℓ 2 = −3 which is now too big to cause instabilities. We can also look at the mass branches in [35] and see that a component of the 2-form has a bulk scalar with m 2 ℓ 2 = −3 but no field lies between −3 and −4.
By the above analysis, we see that the topological black hole solution of 
To find examples with scalars in the window (29) we must consider theories with less supersymmetry, such as those discussed by Klebanov and Witten [38] describing D-branes at a Calabi-Yau singularity. We will consider the simplest case, where the corresponding bulk geometry is AdS 5 × T 1,1 with
(in fact there are several ways to embed U(1) into SU(2) × SU(2) giving rise to the more general Y pq ). The mass spectrum was calculated in [39] -we will extract the relevant information and summarize it below.
The harmonic expansion on T 1,1 gives the following spectrum of the scalar Laplacian
where k and l correspond to the two SU(2) quantum numbers and r is the R-symmetry quantum number (it corresponds to the U R (1) charge whose generator is orthogonal to that of the quotient group U H (1), additional details are given in [39] ). The two SU(2) quantum numbers k and l must either both be integers or half-integers. The scalar spectrum is richer than that on S 5 , and the scalars distribute themselves in the 9 different multiplets. By analyzing the mass spectrum, one quickly finds scalars in the interested mass range. One such example is again a linear combination of the b and π fields of the previous subsection, that follow a mixed equation of the type of (31) . This field lies in one of the vector multiplets [39] . For k = l = 1/2 and r = 1, the field has mass 3 .
We thus conclude that the topological black hole will be unstable for type IIB string theory compactified on T 1,1 , provided that this scalar is given Neumann boundary conditions.
From the CFT point of view this scalar is dual to the operator
where A and B are the bifundemental chiral superfields of the quiver gauge theory. They are respectively in the (N,N) and (N , N) representations of the SU(N) × SU(N) gauge group [41] . Our bulk instability therefore leads to us to conjecture that, at strong coupling, the quiver gauge theory deformed by the double trace deformation O 2 will have an instability on R × H 3 /Γ at temperature β = 2π. This instability will cause the bulk scalar to condense, so that the dual operator will acquire a non-zero expectation value.
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The Klein-Gordon equation is
As the marginal mass led to ω = 0, the exponential time dependence is no longer an option. This means f is either constant or linear in time. Thus the unstable mode will grow linearly in time. The solutions of the radial equation are now the following
where
Again, we want a smooth function at the origin, so we need to impose D = 0 because of the log in the second solution. To check the behavior at infinity, we do the same transformation as in (12) and we get:
This time
Let us start with the standard boundary conditions. As before, there is no constraint due to normalizibility as these modes are all normalizable and selecting the standard boundary conditions imposes A = 0. The condition is then:
for a non-negative integer n. For d < 5, this will never be satisfied. For d > 5, this will always be satisfied for the constant monde on Σ (λ = 0) and there is a mode growing linearly in time.
Turning our attention to the non-standard boundary condition, we are interested in d = 4. We must set B = 0 in (43) which gives us the condition:
The + sign in the equation above (corresponding to a = 0) is not interesting and we consider only the -sign. We find that the condition is satisfied in d = 4 for the constant mode so the quantization of the scalar field with non-standard boundary conditions is unstable. Let us summarize the results for the marginal case. Imposing standard boundary conditions, we find linearly growing modes for d > 5. Imposing non-standard boundary conditions in d = 4, we also find linearly growing modes.
A.1 the BF-scalar in d = 5
We would like to give a little more attention to the marginal case in five dimensions, which gives a mass m 2 ℓ 2 = −4
corresponding both to our marginal case and to a BF scalar. As we shall see in section 4, such a field appears in the supergravity spectrum on AdS 5 × S 5 , which makes it of particular interest. Things get a little more complicated for this marginal example because (43) is no longer true as what we previously called standard and non-standard boundary conditions would have the same exponential fall out and one needs to go back to the differential equation and solve it directly with the appropriate parameters. We find
The solution of the differential equation is R(z) = A + B(log z − log(1 − z))
One can see right away that that the second solution will not be normalizable as it blows up at the origin z = 0. The asymptotics of the total radial functionR(ρ) is
The interpretation of standard or non-standard boundary conditions is more delicate here as they have the same fall off, up to some logarithmic function. We will call the one falling off quicker the standard boundary condition. In this case, the solution is particularly simple and there is no need to "transform" hypergeometric functions to find the asymptotic behavior. We see that non-standard boundary condition are ruled out by regularity at the horizon and only standard boundary conditions would have modes growing linearly in time.
